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Abstract. This paper is devoted to the study of the Cauchy problem for the stratified Navier- 
' Stokes system in space dimension three. In the first part of the paper, we prove the existence of 

, a unique global solution (y v ,p v ) for this system with axisymmetric initial data belonging to the 

Sobolev spaces H s x H s ~ 2 with s > |. The bounds of the solution are uniform with respect to 
£N| ' the viscosity. In the second part, we analyse the inviscid limit problem. We prove the strong 

-h , convergence in the space L^ C (R+;H S x H 8 - 2 ) of the viscous solutions (v v , p v ) v> o to the solution 

(v, p) of the stratified Euler system. 
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k>" ! 1. Introduction and main results 

In this paper, we consider the incompressible stratified Navier-Stokes system in space dimension 
C$ ', three 
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(1.1) 



dtv v + v y ■ Vv u - vAv u + Vp u = p v e z , (t, x) G 
dtPv + v u ■ Vp v - Ap u = 
div v v = 



{Vy,pu)\t=Q = (V°,p°) 



Here, the vector field v v = (v},,v1,v^) stands for the velocity of the fluid and it is assumed 
to be divergence-free, the scalar function p v denotes the density and p u is the pressure. The 
parameter v > is the kinematic viscosity and the vector e z is given by (0,0, 1). Remark that the 
usual incompressible Navier-Stokes system arises as a particular case of (jl.ip : it suffices to take 
p = constant. It reads as follows: 

d t v v + v v ■ Vv v - uAv u + Vp v = 
(1.2) { divw„ = 

V u \t=0 = V°. 



The mathematical theory of the Navier-Stokes equations (jl.2p was initiated by Leray in [18]. He 
proved the global existence of a weak global solution for the system (|1.2p in the energy space by 
using a compactness method. Nevertheless, the uniqueness of these solutions is only known in 
space dimension two. Few decades later, Fujita and Kato [9] proved the local well-posedness in 
the critical Sobolev space Hz (M 3 ), by using a fixed point argument and taking benefit of the time 
decay of the heat semiflow. The global existence of these solutions is only proved for small initial 
data and the question for large data remains an outstanding open problem. For more discussion, 
we refer the reader for example to the papers |15[ [16] [22] . 

It seems that we can give a positive answer for the global existence when the initial data are not 
necessarily small but must have some special symmetry. Before going further into the details, let 
us first write the equation of the vorticity which plays a central role in the theory of the global 
well-posedness. For a given vector field v, the vorticity uj is defined by uj = curl v = V x v and in 
the case of the system (jl.2|) it solves the transport-diffusion equation, 

(1.3) dtuj u + v v ■ Vuj u — uAuJu = uj v • Vv v . 

The main difficulty is related to the dynamics of the stretching term uj u ■ Vi;„ which is very complex 
and generates a lot of unsolved problems . Now we will see how to use the axisymmetry of the 
flows in order to get a better understanding of the stretching term. We start with the following 
definition: 

Definition 1.1. We say that a vector field v is axisymmetric (without swirl) if it takes the form: 

v(t,x) = v r (t,r,z)e r + v z (t, r, z)e z , 

where z = x% , x = (x\,X2,z) , r = (x\ + x\) 2 and (e r , eg, e z ) is the cylindrical basis of M 3 given 
by: 

l x \ x 2 \ / x 2 x l \ 

e r ={ — , — ,0) eg = { , — ,0) and e z = (0,0,1). 

The components v r and v z do not depend on the angular variable 8. 

We need in what follows to recall some basic algebraic properties related to some computations in 
the cylindrical coordinates system. For example, for an axisymmetric vector field v, the operators 
v ■ V and div can be written under the form: 

v-V = v r d r + -v e dg + v z d z 
r 

(1.4) = v r d r + v z d z 
and 

v r 

div v = d T v r -\ h d z v z . 

r 

The vorticity u of the vector field v has the special form : 

(1.5) uj = (d z v r — d r v z )eg := uj e eg 
and the streching term reads 

uj • Vv = — uj. 

r 

Consequently, the equation fjl .3|) becomes 

v r 

d t uj u + v u ■ Vuj u - vAuJv = —uj v . 

r 

The expression of the Laplacian operator in the cylindrical coordinates system is given by A = 
d r r + ~d r + d zz . Therefore, the scalar component uj® v of the vorticity will satisfy the equation 
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We can easily chek that the quantity /3 := solves the equation 

dtP + V ■ VP - i/(A + -dr)P = 0. 

r 

This illustrates the fact that the advection term v v ■ Vw^ has a smoothing effect and allows to kill 
the stretching term. Hence, we deduce that for all p G [l,oo], 

These new conservation laws enable Ukhoviskii and Iudovich [26J, to get the global well-posedness 
under the assumption v° G H 1 and ojq, — G L 2 n L°°. This result has been recently improved by 
many authors in various function spaces and where the inviscid case v = is also treated, for more 
details see for example [H El El D3 E3] ■ 

Concerning the inviscid limit problem, that is the convergence of the viscous solutions (v u )u>o to 
the solution of the incompressible Euler equation, we will restrict ourseleves to the discussion of 
the following results. In [15] . Majda proved that for v° G H s with s > |, the solutions {v u ) u> q 
converge in L 2 norm to the unique solution v of the Euler system and the rate convergence is of 
order vt. By using elementary interpolation argument we deduce the strong convergence in the 
Sobolev spaces H 11 , V77 < s. We note that this result is local in time in space dimension 3 and 
global in space dimension 2. Recently, Masmoudi proved in [20] the strong convergence in the same 
space of the initial data H s and his proof is based on the use of a cut-off procedure. We mention 
that the inviscid limit problem in the context of axisymmetric flows was studied in [14] , 
Let us now move to the stratified Navier-Stokes system (jl.ip which has been intensively studied in 
the last decades and many results were dedicated to the global well-posedness problem. 
The case of stratified Euler equations with axisymmetric initial data was initiated by Hmidi and 
Rousset in [15] . This system is described by 

dtv + v ■ Vv + Vp = pe z 
d t p + v ■ Vp - Ap = 
div v = 

U|*=o = v°, p\ t =o = p°. 

To achieve the global existence program one needs to get new a priori estimates especially for the 
function £ := ^ which solves the equation, 

r 

We observe that this equation induces a loss of two derivatives on the density which is exactly what 
we expect to win from the transport-diffusion equation. Thus the coupling in the model (jl.6p is 
critical and the issue of the global existence requires more refined analysis. In [13], the authors 
gave a positive answer under the assumptions 

v° G H s , p° G H s ~ 2 DL m ,s> 5/2, m > 6 and r 2 p° G L 2 . 

Their basic idea consists in using the coupled function T := ( + ^p-A^p which satisfies the transport 
equation 



(1.6) 



\v V 
r 



d t r + v ■ vr = 

Since the operator ^pA -1 behaves like Riesz transform on the class of axisymmetric functions, the 
estimate of HCC^IIzA 1 is equivalent to bound ||r(t)||x,3,i. Therefore the difficulty reduces to the 
estimate of the singular commutator which raises in the equation of V. For this purpose the authors 
used intensively the axisymmetric structure of the velocity combined with some tools of harmonic 
analysis and paradifferential calculus. The result of [13] was extended in |25j by the author of this 
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paper to the framework of critical Besov spaces. More precisely, the global existence was proved 
for 

v° G s| l5 p° G ni m ,m>6 and r 2 p° G L 2 . 

The aim of this paper is twofold. Firstly, we extend the result of [13] to the stratified Navier-Stokes 
system (jl.ip with uniform bounds with respect to the viscosity but for the subcritical regularities, 
that is, (v°,p°) G H s x H s ~ 2 with s > |. Secondly, we analyze the inviscid limit problem and we 
show the strong convergence of the solutions (v u ,p u ) of the system (jl.ip to the one of (jl.6p in the 
same space of initial data. We point out that our approach for the last point is completely different 
from one's of Masmoudi work [20] for the incompressible Navier-Stokes. 

First of all, we introduce the following space: 

u £ Xm <s== ^ u G HS ~ 2 n Lm and sucn tliat r2u G L 2 - 
We state now our main result. 

Theorem 1.2. Let s > |, v° £ iT s 6e an axisymmetric divergence-free vector field without swirl 
and p° G Xm with m > 6 an axisymmetric function. Then there exists a unique global solution 
(vv,Pu) for the system (jl.ip such that, 

v v G C(R + ; H s ) and Pv G C(R + ; X & m ) H iL(^+; lip), 

with uniform bounds with respect to the viscosity. 
Moreover, for any T > we have 

lim i \\(v v -v,p u - p)\\l™(h°xH°-2) = 0, 
where (v,p) is the solution of the system (11. 6p associated to the initial data (v°,p°). 
Before giving some details about the proof few remarks are in order. 

Remarks. (1) From the proof the rate convergence in L 2 space is of order vt. More precisely, 

\\( Vv -v, Pv -p)(t)\\ L * <utf(t), 
with / is an explicit function depending only on the size of the initial data and the variable time t. 

5 1 

(2) Our approach can not allow to treat the critical case vq G i?|nPo £ B£v Even though, we 
can extend the result of the Proposition 13.21 to the Lorentz space L 3, , the difficulty relies on the 
establishment of maximal smoothing effects for a transport-diffusion model in Lorentz space. 

Now, we will discuss the main ideas of the proof of Theorem 11.21 and to simplify the notation, we 
will use (v,p) instead of (v v ,p u ). First, recall that the vorticity uj = ui e eQ satisfies 

d t uj + v • Vuj — uAlo - 

This yields 

dtUJQ + v ■ S/(jJq — v{/\ujq 
It follows that C - = ~f~ obeys to the equation, 

(1.7) d tC + u . V c-KA + ^ r )c = -^. 

At this stage, we can try to use the method of [13] but unfortunately it seems to be rigid and fails 
four the viscous case. Our alternative approach relies on the use of the maximal smoothing effects 
combined with a suitable commutator estimate. To be more precise, we use interpolation argument 
combined with the maximum principle leading for p > 3 to 
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— oj + curl(pe z ). 



-o) = — - O r p. 



L3,l < C\\((t)\\ L 2 nLP 



< C\\C°\\ L2nLP + C f ^l(r) 
Jo r 



dr. 

L 2 nLP 



As we will see the restriction of the operator on the class of axisymmetric functions is dominated 
by the second derivative: 

\\y P (t)\\LP <C\\V 2 p(t)\\ LP . 

To estimate this latter quantity we use the maximal smoothing effect of the heatsemi flow and the 
difficulty reduces to the analysis of the commutator ^ ■ || [Aj,v ■ V]p\\u> which is the hard technical 
part of this paper. We shall prove in Proposition 13.21 that for p g]1, +oo[ 

(1-8) V [Aj.wV]^ < ||u||L2||p||LP + ||-rl|L3.injy.(||a;fcp||B0 + |MIb° nL» )» 

' | Jj'P J \ cx - 3 ! - 1 - Pi - 1 - / 

i>-i v 7 

with the notation x/j := (xi,^). Consequently, we obtain 

(i.9) \\am^<c{t)e CM ^.K 

To estimate ||xh/0||z,i_BO , we use the following inequality proved in [13] . 



oo.l 



\\x h p\\ L i B o oA <C (t)(l+ f fe(r)log(2 + ||C||L«L3.i)dr), 

J 

where 1 1— >■ Co(t) is a given continuous function and i i— )■ belongs to L z 1 oc (]R_|_). Hence we conclude 
by using fjl .8|) and fjl .9|) combined with Gronwall inequality leading to a global bound for HCWIIl 3 - 1 ; 
uniformly with respect to the viscosity. 

Concerning the inviscid limit, we prove first the strong convergence in L^ C (]R + ;L 2 ) by performing 
energy estimates. However the strong convergence in the space of the initial data H s x H s ~ 2 is 
more subtle. We use for this purpose some interpolation arguments combined with an additional 
frequency decay of the energy uniformly with respect to t and v in the spirit of |1CH [2^] . 
This paper is organized as follows: In section (2j we fix some notation, give the definition of Besov 
and Lorentz spaces and state some smoothing effects for a transport-diffusion equation. In section 
El we study the estimate of the commutator X)j>-i[A?> v ' VI P m L p spaces. In the last section, we 
give the proof of Theorem 11.21 which will be done in several steps. 

2. Tools and functional spaces 

In this preliminary section, we introduce some basic notations and recall the definitions of usual 
and heterogeneous Besov spaces. We give also some results about Lorentz spaces and discuss some 
well-known results about the Littlewood-Paley decomposition and a transport-diffusion equation 
used later. 

2.1. Notation. • For any positive A and B, the notation A < B means that there exists a positive 
constant C independent of A and B and such that A ^ CB. 

• For any pair of operators X and Y acting on some Banach space A, the commutator [X, Y] is 
defined by XY - YX. 

• For I € N, we set 

= C exp (...exp(C r 



ii- 
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where Co depends on the norms of the initial data and its value may vary from line to line up to 
some absolute constants, but it does not depend on the viscosity v. We will make an intensive use 
of the following trivial facts 

J &i(r)dT < $,(t) and exp ( J $ z (r)dr) < $ J+ i(t). 

To define Besov spaces we need the following dyadic unity partition (see [6| 116]). 

Proposition 2.1. There exists two nonnegative radial functions x £ 5?(K 3 ) and <p G £F(K 3 \{0}) 
such that, 

x(0 + 2>(2 -i O = i, vcgm 3 , 

i>o 

\p — j\ > 2 =^ supp ip(2~ p -) n supp ip{2~ 3 ■) = 0, 

j > 1 => supp x H supp (p(2~ J ■) = 0. 

Let / € 5'(IR 3 ), we define the nonhomogeneous Littlewood-Paley operators by 

A_i/ = x(D)/, Vj > 0, Aj/ = (p(2-*D)f and = A k f. 

-l<k<j-l 

It may be easily checked that 

f=J2 A i/» V/G5'(K 3 ). 
j>-i 

Moreover, the Littlewood-Paley operators satisfies the property of almost orthogonality: for any 
/,9G5'(R 3 ), 

A p A i / = if \p-j\>2 
ApiSj^fAjg) = if \p- j\ ^ 5. 

The following Bernstein inequality will be of constant use in the paper see [6] . 

Lemma 2.2. There exists a constant C > such that for every j £ N, k G N and /or every function 
v we have 

sup \\d a Sjv\\ LP 2 < C fc 2 j ( fc+3 (w~^))||V|| L pi, for p 2 >pi > 1 

|a|=fc 

C-^HA^HzP! < sup II^AjuIIlpi < C k Z> k \\A j v\\ LP1 . 

\a\=k 

From the paradifferential calculus introduce by J.-M. Bony [5] the product uv can be formally 
divided into three parts as follows : 

(2.1) fg = T f g + T g f + R(f,g), 

where 

j 

and 

R(f,9) = Yl A if^i9 , with Aj = Aj-i + Aj + A j+1 . 



2.2. Usual and heterogeneous Besov spaces. We recall now the following definition of general 
Besov spaces. 

Definition 2.3. Let s£R and 1 < p, r < +oo. The inhomogeneous Besov space B pr is the set of 
tempered distributions / such that 



B 



P • r 



2^||A,-/|| L p _ <+oo 



The following embeddings are an easy consequence of Bernstein inequalities, 

s+3(^ }-) 

Bp uri ^ B p2t r 2 2 Pl , pi < p 2 and n < r 2 . 

Let T > 0, p > 1, (p, r) E [l,oo] 2 and s E R, we denote by L p T B pr the space of distribution / such 
that 

' >||A,-/||^ 



L p B 3 

T p,r 



^ p < +oo. 



T P ffs 

T p,r 



i 

We say that / belongs to the Chemin-Lerner space LjiBp r if 

2^||A i /|| L P LP |[ r <+oo. 

The relation between these spaces are detailed in the following lemma, which is a direct consequence 
of the Minkowski inequality. 

Lemma 2.4. Let s£R,£>0 and (p,r,p) £ [l,+oo] 3 . Then we have the following embeddings 

L p T B s p , r ^ L P T B S P:T L p T B s p ~ £ if r ^ p. 

L p t B;+ e ^ L p T B s p r L p T B s p r if p>r. 

We remark that the Sobolev space H s coincides with the Besov spaces -Bf 2 f° r s S R and we have 
the following embedding 

V0 < s < - , H s ^ L p with p 



2 ' r d-2s 

Now, we will introduce the heterogeneous Besov spaces which are an extension of the classical 
Besov spaces. 

Definition 2.5. Let \& : {-1} U N ->• R+ be a given function. 

(i) We say that belongs to the class IA if the following conditions are satisfied: 
(a) ^ is a nondecreasing function. 

(6) There exists C > such that, 

sup — < C. 

xeNu{-i} v(x) 

(ii) We define the class Uoo by the set of function \I/ E IA satisfying lim ^>(x) = +oo. 

X— > + oo 

(Hi) Let s E R, (p, r) E [l,oo] 2 and ^ E U. We define the heterogeneous Besov spaces B p ]f as 
follows: 

u E iff ||«|| B .,» := (y(q)2 qs \\A q u\\ LP ^ r < +oo. 

We observe that when the profile has an exponential growth: ^f(q) = 2 aq ,a E R+, then the 
heterogeneous Besov space Bp\ r reduces to the classical Besov space B p + a . When the profile \& is 
a nonnegative constant, it is clear that Bp t f = B pr . 

Now, we will give the following result which describes that any element of a given Besov space is 
always more regular than the prescribed regularity, (see [10] for a proof). 
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Lemma 2.6. Let s G R, p G [l,+oo], r £ [l,+oo[ and / G Bp r . Then there exists a function 
^ G iYoo sucft that f G -Bp,'*. 

The following Proposition will be useful later, see [12] for a proof. 
Proposition 2.7. We have the following estimates : 

a) Let p G [l,oo], f,g and h be three functions such that xh £ L 1 , V/ G L p and g G L°°. Then 

\\h*(fg)-f(h*g)\\ LP < \\xh\\ L i\\Vf\\ L p\\g\\^. 

b) Assume that xh G L 1 , V/ G L°° and g G L' p , \/p G [1, oo]. Then we have also 

\\h*(fg)-f{h*g)\\ L P < ||xfe|| L i||V/||L<»N|LP. 

2.3. Lorentz spaces and interpolation. We can define the Lorentz spaces by interpolation from 
Lebesgue spaces : 

where 1 < p\ < p < p2 < oo, fi satisfies | = + ^ and 1 < r < oo. 
We have the classical properties: 

(2.2) \\UV ||jy>,r < C||lt||i<x> ||v||jy>,r 

L p ' r ^ L p ' ri , VI < p < oo, 1 < r < n < oo and = L p . 

We have also L 3 ' 1 = (L 2 ,L P )^ ^ with 3 < p and we deduce that, 

(2.3) 11^11^3,1 < C 1 1 it 1 1 /,2 nj [,p with 3 < p. 
The following lemma will be used later see for instance I21j. 
Lemma 2.8. There exists a constant C > such that for every < f3 < 3 

\\f*9h~(*>)<c\\f\\j 



By using this result and the fact that ^ G La' 00 ^ 3 ), we get 

||va- 1 /IIl-(r3 ) < llo2ll i §, o (R3) ll/IUs.i 

(2-4) < 11/IUa.x 

2.4. Estimates for a transport-diffusion equation. We will give now some useful estimates 
for any smooth solution of the linear transport-diffusion model given by 



(2.5) 



dtf + v-Vf- kA/ = g 

f\t=o = f° 



We will give two kinds of estimates : the first is the L p estimates and the second is the smoothing 
effects. Let us start with the L p estimates see [5j. 

Lemma 2.9. Let v be a smooth divergence- free vector field of R 3 and f be a smooth solution of 
(|2.5p . Then we have Vp G [1, oo] and for every k > 0, 

rt 

pOi 



||/(*)||j*<||/ u lk* + / Ur)\\ L vdr. 
We need to the following result, see [TT] for a proof. 



Proposition 2.10. Let v be a smooth divergence- free vector field ofM 3 with vorticity u := curlv. 
Let f be a smooth solution of (I2.5P with k = 1 and g = 0. Then we have for every j G N, f° G L p 
with 1 < p < oo and t > 0, 



2 2 iA i /|| i i LP < ||/°||Lp(l + (j + l)IHUiL<» + ||VA_H| L i Loo 
We will need to the following smoothing effects which are proved in |T3j. 



Proposition 2.11. Let v be a smooth divergence-free vector field of Mr and f be a smooth solution 
of (|2.5p with k = 1. Then we have for every j G N, p > 2 and i > 0, 

||A J /|| LrLP + 2 2 ^ / ||A i /(r)|| LP dT<||A i / || L P+ /*||[A i ,t;-V]/(T)||Lprfr+ f \\^g{r)\\ LP dT. 
Jo Jo Jo 

3. Commutator estimates 

In this section, we discuss the commutator between the bloc dyadic Aj and the convection operator 
v ■ V. First, we start with the following estimate which whose proof can be found in |10| . 



Proposition 3.1. Let v be a smooth divergence- free vector field of Mr and u be a smooth function. 
Then for every s > 0, r G [1, +oo] and \& G U given in Definition \2.b\ we have the following estimate 

^(j)2 js \\[Aj,v ■ V]u\\ L2 ) < ||Vu||l<»||u|| h .,w + ||Vw||l«||«|| h «,» 



2,r 



■>.r 



The main result of this section is to prove the following, 



Proposition 3.2. Let v be an axisymmetric smooth and divergence- free vector field without swirl 
and p be an axisymmetric smooth scalar function. Then for every j > — 1 and 1 < p < oo, we have 
the following estimate, 

V [A j5 ?;-V]p < |M| L 2||p||z,p + || — Wl^hlpI \\ x hP\\ B ° + \\p\\b° ,hloo ), 

< -rf || TjP V \ oo,l p.l J 

J>-1 v 7 

where ujg is the angular component of u = V x v. 

Proof. We first write by using the decomposition of Bony (|2.ip that, 



v ■ V 



j>-i 



E E r ^ • ] di p + E E [ A ^- ■ vl 

>-i i=i 



j>-i i=i 



J>-1 i=l 
:= I + 11 + III. 

Estimate of I : 

We start with the estimate of the first component of I that is for i = 1. Since u is a divergence- free, 
we have At; = —V x oo. Then for axisymmetric flows, we obtain that 

v\x) = A~ 1 a 3 a; 2 = A" 1 a 3 (xi — ) 

r 

use- 



A-Wa-) 



(3.1) 



r r 



In the last line, we have used the following identity, see Lemma 2.10 in 
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for a proof. 



Lemma 3.3. For every f e S(R 3 ,M) and i,j £ {1,2,3}, we have 

A- 1 (x l 8 j f) = XtA^djf - ZR-ijA- 1 /, 
where TZij = dijA~ 1 is the Riesz transform. 
Then we have 



E[ A ^- 



dtp = [Aj^g-iv 1 A q dip 

k-il<4 

= E [A J ,Vi(^iA- 1 a 3 (^)) 

k-il<4 



A q dip 



[A i5 Vi^i3A- 2 (y) A q c 



(3.2) - 2 

|g-j|<4 

By the definition of A q , there exists a function (p £ 5(R 3 ) such that, 



Xl A qP = x^i [ <p(2«(x-y))p(y)dy 

= 2^1 <p(2i(x-y))y lP (y)dy + 2 3 i I ^{x - y)){ Xl - yi )p(y)dy 



= A f? (x 1 p) + 2^2 3 Vi(2 9 -)*P, 
where <fi(x) = x\<p(x). Consequently the commutator reads, 

(3.3) [A q ,x 1 ]p = -2 2 Vi(2 9 -)*P- 
Similarly for the cutt-off S q , we obtain 

(3.4) Xl S q F = S q ( Xl F) + 2^ X i(2 q -) * F, 
where Xi( x ) = x ix( x ) G 5(M 3 ). 



To estimate the first term of (|3.2p . we use (|3.4p to write 

A J ,Vi(^iA" 1 93(y))]A,a lP = [A j ,x 1 5 g _ 1 (A- 1 9 3 (^))]A,a 1/0 

- A j! 2 2 ^ 1 (2^)*A- 1 a 3 (^)lA (? a ly0 



A j5 Vi(A~ 1 5 3 (y)) xiA^p 



+ ViA-^aC^; 

r 



Aj,xi 



A J ,2 2 « Xl (2^)*A- 1 a 3 (^) A 3 d lP 



A q dip 
r 



Therefore, we obtain 



Aj, Vi(^iA" 1 5 3 (^))jA (? 5 1 p = [A„5,_ 1 (A- 1 9 3 (^))j5 1 (x 1 A ?P ) 



A i(< Vi( A )) A gP 



+ Vi A_1 3»(— ) 
r 



A q dip 



A„2 2 ^ 1 (2^-)*A- 1 5 3 (^) A g a lP . 
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This gives by using (|3.3p . 



+ 



A J ,5 g _ 1 (A- 1 a 3 (^))j9 1 (2 2 Vi(2 9 -)*p) 
r 

ViA- 1 a 3 (^)(2 2 Vi(2 J -)*A g 9 ly0 ' 

r 



A is Vi(A~ 1 3 3 (y))jA,p 

< / _ lA - 1 a 3 (^)(2 2 Vi(2 J -)> 

A J ,2 2 " Xl (2"-)*A- 1 9 3 (^) A,a lP 



Therefore, 



[A^Vi^iA-^Cy)) A g 9 1/0 =:=I 1 + I 2 + I 3 + I 4 + I 5 , 

k-il<4 



where, 



Ii 
I 2 



2 [a j ,5 (? _ 1 (a- 1 5 3 (^)) 



I?-J'l<4 



E [A i ,v 1 (A-^ 3 (^; 



k-j|<4 

" E [A,,V 1 (A- 1 a 3 (^))]A gP , 

k-j|<4 

2 ViA~ 1 5 3 (^)(2 2 Vi(2 J -) * A 9 5 lP 

k-j'l<4 

2 [A„2 2 '? Xl (2'?.)*A- 1 5 3 (^)]A g 9 1 p. 

k-j'l<4 



Estimate ofli. We use Proposition 12.71 -a). the continuity of Riesz transform in the LP space and 
Bernstein inequality, 



|Ii||ip < E \\xh J \\ L i\\VS q „ 1 A- 1 d 3 (^)\\ LP \\d 1 A q (x lP )\\ L o 

k— j|<4 

< 2^||x/ i || Ll ||VA" 1 a 3 (^)|| LP 2^||A g (x lP )||^ 



I?-J'|<4 

r 



k-il<4 

— lUflkiplls" 

7™ oo,l 



< 



where fy(x) = 2^h(2^x) E 5(M 3 ). 

Estimate of I2. Using Proposition 12 . 7l a) . the continuity of Riesz transform on Lebesgue space and 
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the Young inequalities for convolution, we get 



Mi* < Y 2^||x/ l || L1 ||VViA- 1 9 3 (y)||Lp||2 3( '(5 1 ^ 1 )(2''-)*p||L= 
|?-il<4 

< ||va- 1 5 3 (^)|| lp Y 2-^||(a m )(2*-)IU 1 |MU~ 

|9-J|<4 

< n^n LP £ 2'->'2-'||0 l¥ > 1 |MMU~ 

k-il<4 



r^y 1 1 

r 



^ II— Ik? ll/>lk°°- 

r 

Estimate of I3. We use Proposition 12.71 a) and the continuity of Riesz transform in the Lebesgue 
space 



< J2 2- j ||x/ 1 || l1 ||VViA- 1 9 3 (^)||l J >||A^||^ 



£ ✓ r 

k-il<4 



£ Hyll^ E 2- J ||A gP || LO 

I«-J"l<4 
u e 



^ II — IILP \\P\\L°° 
r 



Estimate of I4. Using now Holder inequality, the continuity of the operator 5 g _i in L°° spaces, 
(|2.4p . Young inequalities for convolution and Bernstein inequality, we get 



\U\\lv < £ ||5,_ 1 A- 1 a 3 (^)||^||2 2 Vi(2 J -)*A g aip||L P 
k-il<4 

< H^lUa,! £ 2^11^11^ || A^llx* 



< 



|Z,3,1 



|9-J'I<4 



Estimate of Is- We use Proposition 12 . 71 a) . the Young inequality for the convolution, the continuity 
of Riesz transform in L p spaces and Bernstein inequality, we get 



\\M\lp < £ 2^||x/ l || Ll ||2 2 ^ 1 (2".)*VA- 1 9 3 (^)|| LP ||A g 5 1 p|| Lo 

l?-j|<4 

< ]T 2-^2^|| Xl (2".)||L 1 ||VA- 1 a 3 (^)|| LP 2''||A (? p||^ 



< 



< 



k-il<4 

II — 

r 



\ LP Y 2^2-«||x||Li2«||A fl p|| J 
k-il<4 
ue 



\\LP \\p \\L°°- 

r 



Finally, we obtain 

(3.5) Y ||[ A ^Vi(^iA^ 3 (^))]A g 9 1 p|| i;) < 11^11x3,1^(11^1^, + IIpIIbo^l-)- 
k-il<4 
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To estimate the second term of (|3.2p . we use Proposition 12.71 b). Bernstein inequality, (|2.4p and the 
continuity of the Riesz transform on the Lorentz spaces, we obtain 



k-il<4 



r 



A q dip 



LP 



< Yl II*Mli||vVi9i3 a ' 



I?-J'l<4 



r 



L'' 



< 2^'||xfc|| L i||Vi^3A- 1 (-^)|| L 3,i||A 9 p|| L p 
k-j|<4 



(3.6) 

Plugging (13.51) and (13.61) into (13.21) we get 



< 



■ we 



Aj,T v i 



dip 



Li' 



^ llylU^nz^lkiPlli?^ + IIPlls^nL-)- 



The term J^[Aj, T^-Jc^p can be estimated in the same way as above and we also obtain the 
estimate, 



< 



1 



lp r 



L 3,i nLP [ \\x2p\\ B o , + HpIIbo nioo . 



P ,i 



The estimate of the term ^2AAj,T v 3-]d 3 p will be done as follows: Since we have, 



Av d 



-(Vx w) 3 
-(d^ H ) 

.(x».v»(iS) + aiS). 



Using Lemma [331 we get 



t^s) = A-'[x h .V h {^))+2A-\^ 



r 



r 



Xh 



■ A^V h (^) - 2 J>A" 2 (^) + 2A~ 1 (^) 



i=l 



r 



r 



(3.7) 



^•A- 1 V,(^) + 2a 33 A- 2 (^) 



Then we have a decomposition of the commutator under the form, 

2 



J k-il<4fc=i 
+ 2 

k-j|<4 

This identity looks like (j3. 2f) and then by reproducing the same analysis, we get 

2 

|W0, 

lp " ' r 

3 k=l 

Estimate of II : 

Let us now turn to the estimate of the second term II. We use (|3.1|) , (13. 3p and (13. 4p with the same 
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Y, [A„S q ^d 33 A' 2 (^)]A q d 3 p. 



z 

Y\\[ A i> T v* - ]d3p\\ £ HyllLMnLp(SlkfcA'llBS 0il + IIpIIbo^l-)- 



computations as for the term I we get 



E [A^AX] S q -!d lP 

|3-J'I<4 

IIl+II 2 +II 3 +Il4 + Il5+n 6 , 



where 



Hi 
H 2 
II 3 
II4 

n 5 

H; 



k-il<4 

E [ 

k-il<4 

- E [A i ,A ? A- 1 ^( 
k-j|<4 

- £ A 9 A- 1 a 3 (^)(2 2 ^i(2 J -)* Vi^iP 

|3-J'I<4 

- ^ [A J ,2 2 Vi(2 9 -)*A- 1 a 3 ( 

l?-j|<4 



d\S q -\{xxp) 
2 3 "(d lX i)(2 q -)*P 

Sq-lP 



r ' 



S q -idip 



k-il<4 



To estimate Hi, we do not need to use the structure of the commutator. We will use Holder and 
Bernstein inequalities and the following estimate, we have for every p 6 [1, +00] that 



(3.8) 

Thus we have, 



\\A q A- l dzf\\ LP < 2-lVA (? A- 1 «9 3 /|| LP < 2-i\\f\\ LP , Vg > 0. 



IIIill^ < E l|A g (A- 1 5 3 (^))|| LP ||a 1 5 g _ 1 (x lP )|| L o 

k-il<4 

lylk* E 2 ~ q E 2 fc ||A fc (x 1 p)|| L o 



< 



k-j|<4 



-l<fc<<?-2 



< 



The terms II2, II 3 , II4, II5 and 116 can be estimated in the similar way of I2, I 3 , I4, I5 and the 
second term of (|3.2p . Finally, we conclude that 



IIIIU < 



,W6 



lL3,inip(E II x ^Hb° , + IIpII.b 1 

\ ' oc,l p,l 



i=i 



Estimate of HI : 

Let us now move to the remainder term. We separate it into two terms : the high frequency term 
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and the low frequency term, 

HI = E [Ai,i2(u,V) 



E [A?) AgVAgV 



g>i-4 

3 

E [Aj-.A-iwA-iV 
j'=-i 



8>i-4, 



(3.9) = IIIi + III 2 . 

To treat the first term, we use Proposition 12,71 -b) and Bernstein inequality 

3 

IllllilliP < E ll^'IU 1 ||VA_i«||ioo || A_iVp||£P 
j=-i 
3 



< Yl 2^>/ i || Ll ||A_ 1? ;|| L2 ||A_ 1 p|| 
j'=-i 



Li' 



(3.10) 



< 



\nm\p\\LP- 



For the second term III2, we first write the term inside the sum as follows : 
Aj, AqV^gdi p = A j (A q v i A q d iP ) - Ag^AgdiAjp 

= Ajd^AgrfAqp) - ^(AgdiV'Agp) 

- 8i (AqtfAqAjp) + AgditfAqAjp. 

Summing over i = {1, 2, 3} and using the incompressibility of the velocity, we get 



E [Aj,A q v l Aqdi 



i=i 



P = J2( ^{^Aqp) - 8i (AqV i A q Ajp) ) . 

i=l 



Since 



we obtain 



AgAjp = if \q - j\ > 4 and Aj(A q v i A q p) = if j > q + 4, 



1112 = E( E ^(A^V*)- ]T ^(Aqv'AqAjp)] 

i=l ^ 9>j-4, \g-j\<3, ' 



q&i 



E ffl 2 



i=l 



Let us now estimate III2 . Firstly, we follows the same decomposition as (|3.2p . 

Hl2 = E ^^(V'V)" E 9 1 (A q V 1 AqA j p) 



9>j-4, 



\q-j\<3, 
gen 



Il4+Il4 + Il4 3 +Il4, 
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where 



111 21 = ]T A J 9 1 (A g (x 1 A- 1 5 3 (^))A,pj 

q>j-4, 

111 22 = -2 A^i(A ? ai 3 A- 2 (^)A gP ) 

9>J-4, 

111*3 = £ a 1 (A 9 (x 1 A- 1 a 3 (^))A 9 A J p) 

|4-J|<3, 

m 24 = 2 ^ ^(a^a-^^ja^-p). 



k-j|<3, 



Estimate of III^i- To estimate the first term III 21 , we write by using (|3,3I) . 



114 = ]T ^(A^A- 1 ^^))^!^)- £ 9 1 A i ((2 2 Vi(2 9 -)*A- 1 a 3 (^))A,p 

q>j— 4, — 4, 

:= in 2n +in 212 + in 213 , 



where 



n&i = 2 5 1 A,(A,A- 1 5 3 (^)A g (x lP )) 

9>j-4, 

III 212 = J] 5 1 A,(a 9 A- 1 5 3 (^)(2 2 Vi(2 ( '-)*P 

<?>j-4, 
<JSN 

Hli 13 = £ 5 1 A J ((2 2 Vi(2"-)*A^5 3 (^))A (? p 



</>J-4, 



To estimate the term III 211 , we use Bernstein and Holder inequalities and (|3.8p . we find 
I|IH 211 ||lp < £ 2^||A,A- 1 9 3 (^)|| iP ||A 9 (x 1 p)||^ 

?>J-4> 

< 2 2^^||VA 9 A- 1 5 3 (^)|| iP ||A g (x 1 p)|| L ^ 

?>J-4, 

< H^lliP J] 2^||A g (x 1 p)|| i o 



9>J-4, 
q£N 



^ II— IkHl^iplls .■ 

ft™ OO , 1 
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Now to estimate the terms HI212 : we use Young inequality and (|3.8p . we find 
l|n^i 2 ||£P < Y 2^||A (? A- 1 53(y)||Lp||2 2 Vi(2' ? -)*PlU° 

9>J-4, 



<2>j-4, 



i w 



11 11 

~ — \\lp \ \P\\l°° ■ 
r 



The term III213 can be estimated by using Bernstein and Holder inequalities, combined with the 
convolution inequality and (12. 4p . 



|n4 3 ll^ < E 2l2 2 Vi(2 9 -)*A- 1 3 3 (^)|M|A g/0 || LP 
< Yl 2^||^|| il ||A" 1 a 3 (^)||^||A (? p|| iP 



< h^ii L 3,i y ^"'H^ll^ 

9>3-4 : 



r 

gGN 



^ L 3 ' 1 \\P B°- 

Thus, we obtain 

( 3 - n ) ll m 2illip ^ II — \\l^lp{ II^ipIIb , + IIpIIb° nz,° 

T \ 00,1 p,l 

Estimate of III22- Thanks to the Bernstein inequality, we have for every p G [1, +00] that, 
(3.12) ||A fy a 13 A- 2 /|| LP < 2- 2 lV 2 A g d 13 A- 2 /|| LP < 2^\\f\\ LP , Vg > 0. 

This yields to, 

llniLllw < Y 2 J ||A^ 13 A- 2 (^)|| LP ||A, /0 || LO o 

9>j-4, 

< \\^\\ LP Y 2 j - q 2- q \\\ph°° 

96N 

( 3 - 13 ) ^ II— IU" IIpIIl 00 - 

r 

Estimate of III23 - This term can be written in the similar way as III21 and we get finally: 

114 = 111^+1142 + 1143+1144, 
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where 



ink = E d l {A q A- 1 d 3 (^)A g A J {x lP ) 

l<J-j|<3, 
ijSN 

11^32 = E 5 1 (A ? A- 1 9 3 (^)A g (2 2 Vi(2 J -)*p)) 

la-il<3, 

H4 33 = E 5 1 (A ? A^ 1 a 3 (^)(2 2 Vi(2 9 -)*A^: 

l9-j|<3, 
9 6N 



ink = E 5 1 ((2 2 Vi(2 9 -)*A" 1 a 3 (^))A ? A J 



r ' 

k-j|<3, 



We point out that by reproducing the same analysis as for III21, we get 

( 3 - 14 ) l|I n 23lk p < \\-y\\L^nLp(\\xiP\\B^ A + IIpIIbo^l- 

Estimate of III24. Using (pTl2|) . we find 



HI^IIlp < E 2^||A (? 5 1 3A- 2 (-^)|| iP ||A (; A J p|| io 

k-j|<3, 



r 

k-il<3, 

(3-15) < || — ||z,p||p||l°°. 

r 

Putting together (IXTT1) . ([3TT31) . (IXTil) and ([3T5i we find finally 
( 3 - 16 ) ll ni 2l|i> ^ II — Ili3.inif ( IkiPlls . + IMIb° OL° 

7" \ 00,1 p,i 

The term IIl| can be estimated as for the estimate of III2. For the term IIll, we use (|3.7p and then 
by reproducing the same analysis, we get with the notation Xh := (xi,X2) the estimate 

1 1 Hi! 1 1 lp + lllllilli" ~ II — IU 3 .inip( IkhPllso + HpIIbo nL °o,). 

f \ oc, 1 P-l / 

Combining the above estimate with (|3.16p . yields 

(3-17) ||Hl2||iP < 11^111,3,^^(11^11^! + \\p\\B% A nL°°,) ■ 

Now, from (131(1 and (l3Tfl) we get 

I|IH|Up ^ IMMMU? + || — \\L^nLp(\\xhP\\B° , + H/>l|.B°nL°°)- 

f \ 00,1 p,l / 

This ends the proof of the proposition. □ 

4. Proof of Theorem 11.21 

To prove Theorem 11.21 we will restrict ourself to prove some a priori estimates and the inviscid 
limit. The proof of the uniqueness and the existence of the solutions are standard. 

18 



4.1. A priori estimates. We establish in this subsection some global a priori estimates which we 
need in the proof of our main result. First we give some energy estimates and we shall prove an 
estimate of ||^r||L°° which is based on the estimation of our commutator in the previous section. 
Finally we will establish a control of the norm Lipschitz of the velocity. Let us start with the energy 
estimates. 



4.1.1. Energy estimates. We have the following estimates 

Proposition 4.1. Let (v,p) be a smooth solution of (jl.ip . then we have 
(a) For (v°,p°) G L 2 x L 2 , t G R + and v > we have 



\v(t)\\ 2 L 2 +2u [ ||Vt;(r)|| 2 2 dr < C (l + t 1 
Jo 



where Co depends only on \\v°\\i2 and \\p but not on the viscosity v. 
(b) For p° G L 2 we have, 



IHl2 rL2 + 2||Vp||i fi2 

The constant C does not depend on the viscosity. 



p°\\ 2 L2 and ||^)|| L c 



< Ct—i\\ P °\\ L 2. 



Remark that the axisymmetric assumption on the velocity and the density is not needed in this 
Proposition. The proof of the first estimate (a) can be found in [3|. For the proof of (b) see |13j . 
We aim now to give some estimates for the horizontal moment XhP of the density that will be 
needed later, see Proposition 4.2 (l)-(3) in [13] for a proof. 



Proposition 4.2. Let v be a smooth vector field with zero divergence and p be a smooth solution 
of the second equation of (II. ip . Then we have 

(1) If p° G L 2 and x^p G L 2 , then there exists Co > such that for every t G R+, 

II^PllifL 2 + \\xhP\\ L 2Hi < Co(l + 

(2) If p° G L 2 and \xh\ 2 p° G L 2 , then there exists Co > such that for every t G M+, 



\xh\ 2 P 



L?°L 2 



+ 



Xh\ 2 p 



x < C (l + 



Where Co depend only on the norm of the initial data and not on the viscosity. 



4.1.2. Strong estimates. We will prove in the first step a bound for ||^(t)||i3,i which is the important 
quantity to get the global existence of smooth solutions. It allows us to bound for all times the 
vorticity in L°° space and then to bound the Lipschitz norm of the velocity ||Vu(£)||z,°o. 



Proposition 4.3. Let v° be a smooth axisymmetric vector field with zero divergence such that 



v° G L 2 , its vorticity such that ^ G L 2 n IP with 3 < p < 6 and let p° G fi^i n B p,l n ^™ with 
m > 6 be an axisymmetric function, such that \xh\ 2 p° G L 2 . Then we have for every t G M+ 

V 

H-(t)lkM + ||-(t)||L<» <* 2 (t). 

19 

We recall that &2(t) = Coe exp { c ° t ~ u ~ ' and the constant Co depends only on the norm of the initial 
data but not on the viscosity v. 

Remark 4.4. We note that for p° G H s ~ 2 with s > |, there exists p > 3 such that p° G B% 1 n v 
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Proof. We start with using the following result, proved in [2] 

\v In ^|7j2 *l— I- 

Using Lemma 12,81 and (j2.3|) , we have for p > 3 

II r / II > || 1 || I, w 6» n 

Ik < ll|7j2ll^,=oll — IUw 

an < ii^ii < n We n 

It remains then to estimate ||^f||i2 ni p. For this purpose we recall that the function ^ := — satisfies 
the equation 

d t c + v-vc- f(A + -d r )c = -— . 

r r 

By performing L p estimates, we get 

(4-2) HCWIbn^ < IIC°lbn^ + f II — (r)\\ L2nLP dr. 

Jo r 

At this stage we need the following lemma which we refer to [13j. 
Lemma 4.5. For every axisymmetric smooth scalar function u, we have 

a 2 
a, 



r 

hJ =1 



where the functions bij are bounded. 
Consequently for every 1 < p < oo, we obtain 



i@r n ^ Mv7 2 n 
- U \\LP 5; V U\\ L P. 



r 



By using this Lemma, Bernstein inequality, we obtain 

ndrPn ^ Nv7 2 || 

II — \\Ll{L 2 nLP) ~ II v pWlKl^dlp) 

~ Yl H A i v2 /'llL f 1 (L 2 nLP) 
i>-i 

< ^ 2 2j ||A j p|| L i (L2n£ ,p ) 

j>-i 
t 



< I ||A_ lP (T)|| i2nLP -dr + ^2^ / ||A iP (T)|| i2ni ^r. 

JO J 



i>o 
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Therefore by using Lemme 12.91 Proposition 12.111 and Proposition 13.21 we obtain 

W^-W Lj(L^nLP) £ t\\p°\\L2nLP + E II A iP°Hi 2 nLP + E IH A i' v ' ^\p\\l\{L^lp) 

j>0 j>0 

< l|P°llB0 inB O i (l + t) + J \\v(T)\\ L 2\\p(T)\\ L 2 nLP dT 

+ J o \\C('r)\\i^niJ'{\\xhp(T)\\ S o gti + ||p(r)|| B o inB o ini oo)dr 

< ll^bo^a + *) + \\P°\\lPnV J Hr)\\ L 2dr 

IIC(T)||L2 n£ p(||x /l p(r)|| B o ) a + ||p(r)|| B o inS o inL oo)dr. 

Plugging this last estimate in (|4.2p and using Proposition 14. 1| we get 

l|C(*)l|L*nL* < \\C°\\l^lp + \\p°\\ B o >inB o A (l +t) + \\p°\\ L 2 nLP C t(l + £) 

HC(T)llL2nLp(lkhP(r)bo o + ||p(r)|| B o inB o ini ^)dr. 
Gronwall's inequality gives 

(4.3) ||C(t)l| M < ^(l + ^expjcH^HIl,^ + C 'll/'ll Lt i(Bo 1 n^ 1 nL-)}- 

To estimate the term HpH^i^o , we use the embedding #2,1 j interpolation estimate, Holder 

inequality and Proposition 14. 1\ 

\\p\\l\b^ < \\p\\ rl i < \\p\\L L >t*\\Vp\\h„ < tl\\ P °\\ L i. 

L t B 2,l ' 

The term ||/0||x,i£,oo, can be estimate by using the second estimate of Proposition 14.11 (b) and inte- 
grating in time we get 

\\p\\LlL°°<tM\P°\\L* 

and for HpH^i^o , we have by definition of Besov spaces and for 2 < p < 6 and Proposition 14.11 (b) 
that 

WpUbI, = E \\ A «p\\lIlp < E 2 3q ^\\A qP \\ LlL2 

q>-l q>-l 

< ^ 2^-PnA qP \\ LlL2 

q>-l 

< Wphim 

< «VlU»- 

Consequently we obtain in view of (|4.3p . 

\\C(t)\\L^LP < Coil+t^^+^W^e 

(4.4) < Coe c ^ e CllXhPh ^ , 
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" PlL„ C\\x hP \\ L i B o 



t oo,l 



To estimate the term Hx/ipH^i^o , we use the following inequality proved for p° 6 L 2 n L m with 
m > 6 and |x/i| 2 p° 6 L? (see [13] for a proof), 

hhp\\ L }B° , <Co(l + ^) + Co / (tT+t-3) log (2 + ||C|U»L».i)<ir. 
Hence, for p > 3 we get 

,■1 

(4.5) Ikhpllriso <Co(l + t") + Co / (rf +r-t)log(2+ HCllLoo^nip)^. 

Putting together (|4.4p and (|4.5j) , we find that 

log (2 + ||C|U»(iW)) < Co(l +tf) + C [ (rf + r"f ) log (2 + \\(\\ LriL 2 nLP) )dT. 

Jo 

Gronwall's inequality gives 

lq 19 1 

log (2 + ||C|U~(L*ru*)) < 0,(1 + iT) e Cb(tT-+t*) < $ l(t) . 
Therefore we get by using again (|4.5p that 

£ oo , 1 

This yields in (|4~4"|) that 

||C(<)||LW<*2(t). 

Hence, it follows from (|2.3p that, 

Then we have with u = ujge$ and by using (|2.2p . 



ll7(<)l|L3,i<l|C(*)l|£M<*2(*). 

Thanks to (14, ip . we obtain 

T 

II — < $2(*). 

r 

This ends the proof of the proposition. □ 
Now, we will use the above estimates to obtain an bound for ||a;(t)||ioo. 

Proposition 4.6. Under the same hypotheses of Proposition \4^\ and if in addition ui° £ L°° . Then 
we have for every t £ R + , 

\Mt)\\L~ + \\Vp\\lil°° <M*)- 

We recall that ^(i) does not depend on the viscosity. 

Proof. Recall that the vorticity oj satisfies the equation 

v r 

dtoj + v • Vu — vAta = — u + curl(pe z ). 

r 

Applying the maximum principle and using Proposition 14.31 

\\u{t)\\L°° < ||^°||i°° + / || — Cr)||L°°||w(T)||z,°o(iT+ / \\curl(pe z )(T)\\L°°dr 

Jo r Jo 

< ||o; || L o O + f * 2 (T)||w(T)||L<»dT+ / ||Vp(T)||£=odT. 

Jo Jo 
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This implies by Gronwall inequality, 

(4.6) ||w(t)IU» < f||w |U« +^ ||Vp(r)|| ioo ^$ 3 (t)- 

It remains to estimate HVpH^i^oo. For this purpose we use Bernstein inequality for p > 3, we obtain 

||Vp|| £ i L co < ||VA_ip|| £ i £0 o \\V&jp\\ L lL°° 

j>o 

Using now Proposition 12.101 Proposition 14.11 and Bernstein inequality for p > 3, 

llVplliii- < ||p || L2 t + ^2 j( i- 1) ||p || LP -(l + (j + l) / ||o;(r)||^dr 

i>o Jo 

+ V2 J ' { l^ 1) ||p°|| L p / ||VA_it;(r)|| £ »dT 

< \\p°\\l^+ \\p°\\lp(i + J \HT)\\ L oodr + J \\v{T)\\ L 2dr 
^ \\p°\\l^+ \\p°\\Lp(l + t\\v\\ Lr v + 1^ ||w(r)||L«.dr) 
£ IIP°|| s o lOS o x (l + t + C i(l + t) + I ||w(r)|U»dr) 

w 

(4.7) < C (l + t 2 + jf ||w(r)||L»dT 



Putting (|4.7p into (|4.6p and using Gronwall's inequality, we obtain 

||w|| L oo < (\\w Q \\u» + C {l + t 2 + J^ ||w(r)||L«dr)^* 3 (t) 
< * 4 (*). 

This gives in (|4.7|) . 

llVpHilicc < * 4 (t), 

which is the desired result. □ 

Now, we will propagate globally in time the subcritical Sobolev regularities which is based on the 
estimate of ||Vw(t)||ioo. More precisely, we prove the following Proposition. 



Proposition 4.7. Let (v, p) he a smooth solution of the stratified system (jl.ip with v > 0, and such 

5 
2 



that {v°,p°) 6 H s x H s ~ 2 with § < s. T/ien t/iere existe * G W suc/i i/iat (t; ,^ ) 6 if 5 '* x H s ~ 2 ^ 



and for every t £ M.+ , 

4-II/.II -i- II nil < flU,°ll _i_ [|„0|i n , C(IIV«|| L i LOO +||Vp|| L i LOO ) 

7/ in addition, p° G L m toifft m > 6 and \xh\ 2 p° € L 2 , then we get for every t > 0, 

||Vw(t)||ioo < $ 5 (i), 1 1 1> 1 1 £co Hs ,* + \\p\\ioo Hs -2,<i, + Upllii^,* < ^6(*)- 
The constants C, and ^e(t) do not depend on the viscosity. 
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Remark 4.8. From the Definition ^. 51 we observe that when the profile ^ is a nonnegative constant, 
then fP'* = H s . In this case, we get the global persistence of the Sobolev regularities 

||v-u(t)||L°° < $5(t), ii^Hjco^ + + WpWzih* - *M*)- 

Recall that ^(t) and ^e(t) do not depend on the viscosity. 

Proof. We localize in frequency the equation of the velocity, then we have for every j > —1, 

d t AjV + v ■ VAjv - vAAjV + VAjp = Ajpe z - [Aj,v ■ V]v. 
Taking the L 2 - scalar product of the above equation with Ajv and using Holder inequality, 



2di 



Then, 



\A jV (t)\\^+^ A Ah < l|A^(t)|| L2 ||A^(t)|| L 2 + ||[A j ,u- V]r;(t)|| L 2 . 



-||A^(t)|| L2 < ||A iP (i)|| i2 + ||[A^.vMt)|| L2 . 



Integrating in time we obtain, 

||A^(t)|| L2 < ||A^ || L2 + \\A jP \\ L i L2 + \\[Aj,v V]v\\ L i L 2. 
Multiplying this inequality by ~§>{j)2 s i , taking the ^ 2 -norm, we get 

\Hl?h°,* ^ \\A\h»>* + \\p\\z\h'<* + (*C?') 2SJ 'll[ A j.« • ^Ml\l* 
Combining Lemma 12.41 with Proposition 13.11 to get, 



P 



p 



< 



< 



^^[a^-vMt)!^)^ 



\Vv(T)\\ L ™\\v(T)\\ H s,*dT. 



Therefore we get, 

(4.8) \\v\\ioo H s,v < \\v°\\ Hs ,9 + \\p\\ii HB ,y + C / \\Vv(T)\\ L °°\\v{T)\\ H s,vdT. 

' * Jo 

Now to estimate ||p|| ji RB ^, we use Proposition 12 . 1 1 1 for j > 0, 

\\A J p\\ LrL 2+2^\\A J p\\ L i L 2 < \\A jP °\\ L 2 + \\[&j,V'V]p\\ L i&. 

Multiplying this last inequality by ^/(j)2^ s ~ 2 \ taking the I 2 norm, using Holder inequality and 
Proposition 14.11 (b). we find 



,* + IMI l\h s ^ - IIA-ipIIl^l 2 + l|A_lp|| L i i 2 + \\p°\\h* 



+ 



^(j)2^\\[A 3 ,vV]p\\ LjL 2 



p 



< Ct\\ P °\\ L 2 +C\\p°\\ H s-2,* + 



*(j)2 j{s - 2) mj,v-v]p\\ LlL i 



Since < s — 2, then using Proposition 13.11 we obtain that 



*(j)2^-V\\[A 3 ,v.V}p\\ L}L 2 



P 



< C 



\Vv(t)\\ L o 
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(T)\\ H ,-2,v + \\Vp(j)\\ L <»\\v(T)\\ H .-2,*)dT. 



Therefore by using the embeddings H s '^ c — >■ H s 2 '*, we find 

\\p\\Zoo Hs -2,v + \\p\\zi Hs ,* < \\p°\\ L 2t+ + / ||Vp(r)||z,oo||i;(r)|| £ooH . i1 ,dT 

4 1 Jo 



(4.9) + 



^ ||Vi;(r)||i ( «»||p(r)|| £?Bff ,_ 3i *dr. 



Set /(i) := llwll^oo^s,* + HpII^h 8 - 2 .* + IIpIIzijjs,* an d combining (|4.8|) and (|4.9|) with Gronwall's 
inequality, we obtain, 



(4.10) 



< flU,°ll -Lll„0|| *, ||„0|| ^^(ll^llLlL^+IIVpll.lico) 

JW ~ ( \\ v Hi?*.* + \\P \\L 2t + \\P 11^-2.* Je * * 



To estimate the term HVpH^i^oo, we use Proposition 14.61 and to estimate the Lipschitz norm of the 
velocity, we use the classical logarithmic estimate: for s > I, 

I|v-u||l°° < IMIl 2 + lo g( e + \\ v \\h s ) 

< \\v\\ L 2 + log(e + H^ll^ao^,*), 

where we have used in the last line the embedding H s ^ ^ H s . Combining this estimate with 
(|4,10p . Proposition 14. II - (a) and Proposition 14.61 we get 

t 



|Vv|| L oo <$ 4 (t)^i + t + ^ ||V«(T)||L»drV 



This gives by Gronwall's inequality 

||Vw(*)||l°c < * 5 (t). 
Plugging this estimate into (j4.10p . we obtain finally 

f(t) \\V Hjoo^s,* + ||p|| + HpIIjI^s,* ^ ^6 (^) • 

This end the proof of the proposition. □ 

4.2. Inviscid limit, we will prove that the family (v v , p v )u>o is converges strongly in L^H S x 
L^H S ~ 2 to the solution (v, p) of the Euler-stratified system (|1.6p as v — > 0. More precisely, we 
prove the following proposition. 

Proposition 4.9. Let s > |, i>° &e an axisymmetric divergence-free vector field such that v° E 
and p° E Xm wii/i 6 < m. Then the solution (v v , p v ) to the system (jl.ip converges strongly as v — > 
to £/ie unique solution (v,p) of the system (|1.6|) m L^ C (R + ;£P) x L^ c (R + ; H s ~ 2 ). 
More precisely, there exists ^ E Woo depending on the profile of the initial data and such that for 
every T > 

\\v v - v\\ L ^ H s + \\ Pv - < (v^+ r— 1 n W(r). 

Proof. We will proceed in two steps. In the first one, we prove that for any fixed T > 0, the family 
(vv,Pu)v converges strongly in L^L 2 when v — > 0, to the solution (v,p) of the system (|1.6p with 
initial data (f ,/3°). In the second step, we will show how to get the strong convergence in the 
Sobolev spaces L%?H S x L^H S ~ 2 , with s > ~. 
We set 

W 7 !/ := v v -v, U u =p u -p and n u = p u - p. 
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Then we obtain the equations: 
(4.11) 



d t W u + v u ■ VW V + W u ■ Vv - vAW v + VII,, = vAv + rj v e z 
dtVu + v u ■ Vr] u - Arj u = —W v ■ Vp 
div W v = 
(W u ,ri u )\ t=0 = 0. 



First, we take the I? inner product of the first equation of (|4.1ip with W u , integrating by parts 
and using Holder inequality, we get 

~\\W u (t)\\ 2 L2 + v\\VW u \\ 2 L2 < v\\Av\\ L2 \\W u \\ L 2 + llVwHiooHW^Ilia + hvWifl 1| W V \\ L 2. 



This gives, 



< HI a HIl 2 + \\Vv\\ L oo\\W u \\ L 2 + \\r] u \\ L 2. 



Integrating in time this last inequality , we obtain 

\\W v {t)\\ L 2 < u\\Av\\ LlL 2 + \\T)u\\i4i? + J \\Vv(T)\\ L ^\\W u (T)\\ L 2dr. 
From the inequality 

||A«||jr,a < C7||t7||ja-«, s > 2 
and by using Gronwall inequality, Proposition 14.71 we find 

ll^lli t °°L2 ^ &Al]IJ2 + ll^llii^) e |V " lz '* £0 ° 

< \vt\\v\\l rHS + \\n v \\ LlL*)®^) 

(4-12) < [v+huW^)^). 



It remains to estimate H^ll^i/^. For this purpose, we apply the maximum principle to the second 
equation of (|4.1ip . we get 

IM*)||tf < f \\W u -Vp{T)\\ L 2dr 

< 



o 



\WAl?lA\Vp\\l\l° 



(4.13) < $4(t)\\W v \ 



where we have used Proposition 14.61 Putting now (|4.13p into (14.12P and using Gronwall inequality, 
we get for all t G [0, T] 

\\W u \\ LrL 2 < (u + J &4(T)\\W4 L ~V<fr)$ 6 (t) 

(4.14) < v$ 7 (t). 

This gives in view of (I4.13j) that, 

hvUrv < v*7(t) vt g [o,r].. 

Therefore 

+ Wv4l™l* < v®i(t) Vt G [0,T]. 
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This achieves the proof of the strong convergence in L^ C (IR_|_; L 2 ). 

Let us now turn to the proof of the strong convergence in the Sobolev spaces. Let M G N, that 
will be chosen later, then by definition of Sobolev space we have Vt G M+, 

\\{v„ - «)(t)||^. = £ 2 2 ^||A 9 K - V )(i)|| 2 2 + £ 2 2 *lA g K - 

< 2 2 ^ S ||K - ,;)(t)|| 2 2 + * 2 (g)2 2 ^(||A 3 ^(t)|| L2 + ||A 9 ^)|| L2 ) 2 



< 2 2Ms ||^(t)|| 2 + 



™(lk(*)lllr^ + IK*)llk*)- 



li2 ' f 2 (M) 

We have used the fact that the profile ^ is nondecreasing. Now, we use (|4.14|) and Proposition 14.71 
to get 

II K " «>C*)Ilfr- < (2 2M ^ 2 + ^gy)^(t). 
It is enough to choose M such that 

e 2Ms ^ 1 
V 

Therefore we obtain that 

ll K _„ )(t) ll ? ,,<( 1 , + _ J l_ J _) $7(t) . 

Similarly for ||(p„ — /?)(£) II H s - 2 i we obtain finally 

|fa,-,)Wlfi« < (- + g2( ^ log( , )) )^) 

In the last line, we have used the fact that the profile ^ is nondecreasing. Now for any A > 0, the 
function defined by ^f\(x) := *$>(\x) belongs to the same class lA^. Therefore, we get by modify ^ : 

\\{v v -v){t)\\ H s + \\( Pv -p){t)\\ Ha -i < ( v ^+-_J_Wt). 

V *(log(i))/ 

It follows that 

IK - w||l5?// s + \\pv ~ p\\l™h°- 2 ->■ as ->• 0. 
This achieved the desired result of the proposition. □ 
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